The study of the zonal satellite problem is continued by tackling the situation r → ∞. New equations of motion (for which the infinite distance is a singularity) and the corresponding first integrals of energy and angular momentum are set up. The infinity singularity is blown up via McGehee-type transformations, and the infinity manifold is pasted on the phase space. The fictitious flow on this manifold is described. Then, resorting to the rotational symmetry of the problem and to the angular momentum integral, the near-escape local flow is depicted. The corresponding phase curves are interpreted as physical motions.
INTRODUCTION
The study of the zonal satellite problem (the two-body problem associated to potentials of the type n k=1 a k /r k ) was started by Mioc and Stavinschi (1998) (hereafter Paper I). They used the McGeheetype transformations of the second kind (McGehee 1974) to blow up the collision singularity t * (r = 0). The first step of these transformations led to the motion equationṡ
and to the first integrals of energy and angular momentum
where (r, θ) are the standard polar coordinates, (ξ, η) stand for the polar components of the velocity, h is the energy constant, while C is the angular momentum constant. (We need equations (1)- (3) for the comments at the end of this paper.) After the last step of the transformations (see Paper I), equations (1)-(3) became respectively r = rx, θ = y,
where = d/ds, and s is a timelike variable introduced via ds = r −n/2−1 dt. In Paper I it was described the collision manifold M 0 and the flow on it. Then, reducing the 4D full phase space to dimension 2, the local flow near collision was depicted in the phase plane (r, x) . This paper tackles, in a somewhat symmetrical manner, another limit situation: the escape. In Section 2, starting from equations (4)-(6), we establish a new system of motion equations (for which the infinite distance is a singularity), and the corresponding first integrals. Then we perform a set of McGehee-type transformations to blow up the infinity singularity and to replace it by the infinity manifold (M ∞ ) pasted on the phase space.
Section 3 describes the infinity manifold, which is a 2D torus (imbedded in the 4D full phase space) if h > 0, a circle if h = 0, and the empty set if h < 0 (always bounded motion). The flow on M ∞ (consisting of two circles of degenerate equilibria connected by heteroclinic orbits moving from the lower circle to the upper one) has no physical significance, but it provides informations about the local flow near escape (due to the continuity of solutions with respect to the initial data).
The near-escape flow is described in Section 4. As in Paper I, we use successively the rotational symmetry of the global flow and the angular momentum integral to reduce the dimension of the new full phase space from 4 to 2. This allows clear pictures of the local flow near escape for the whole possible interplay between the energy constant h and the field parameter a 1 . The local phase curves are interpreted in terms of physical motion, offering an image of the particle behaviour at very great distance from the centre.
EQUATIONS OF MOTION AND FIRST INTEGRALS
We start from the system (4). To study the motion for r → ∞, we use the real analytic diffeomorphism
The motion equations (4) acquire the form
whereas the first integrals (5) and (6) become respectively
(10) The above equations present the singularity s * for ρ = 0. To perform the second step, we resort to the real analytic diffeomorphism
In this way, equations (8)- (10) become respectively
The singularity at ρ = 0 persists in (12). To blow it up, we introduce a new timelike variable τ via the real analytic diffeomorphism
The vector field (12) becomes
where we kept by abuse the same notations for the new functions of τ . It is clear that the first integrals (13) and (14) preserve their expressions.
INFINITY MANIFOLD
The McGehee-type transformations performed in Section 2 made equations (16) and integrals (13)- (14) well defined for ρ = 0. So, the phase space can be analytically extended to contain the manifold
invariant under the flow, because dρ/dτ = 0 when ρ = 0. The integrals (13) and (14) also extend smoothly to the boundary ρ = 0.
With (13), we define the constant energy manifold
1 ; see Paper I) imbedded in the 4D full phase space of the McGehee-type coordinates (ρ, θ, u, v) (Figure 1) .
Fig. 1. The M ∞ cylinder and the flow on it.
For h = 0, M ∞ reduces to the circle (θ ∈ S 1 , u = 0, v = 0). For h < 0, M ∞ = ∅ (this means that for negative total energy the particle cannot escape; the motion remains always bounded).
As in the case of the collision manifold, it is easy to observe that, by virtue of (15), the M ∞ torus (circle if h = 0) is formed only by equilibria of the flow on the full phase space.
The flow on M ∞ has no more physical significance than that on the collision manifold M 0 . However, due to the continuity of the solutions with respect to the initial data, it provides valuable informations about the near-escape orbits.
By (13) and (16), the vector field on M ∞ reads
The critical points of the above equations are (θ, u, v) = (θ e , ± √ h, 0), with arbitrary θ ∈ S 1 . They form two circles of degenerate equilibria on the M ∞ torus: the upper circle (UC): (θ ∈ S 1 , u = √ h, v = 0), and the lower circle (LC): (θ ∈ S 1 , u = − √ h, v = 0). Because, by (18), du/dτ > 0 for v = 0, all other phase curves on M ∞ are heteroclinic and move from LC to UC. Analogous to Paper I, we put u = √ h cos α, v = √ h sin α, obtaining from (18) dα/dθ = −1. The flow on M ∞ is illustrated in Figure 1 .
Having in view (15), we see that all orbits which approach infinity neighbour M ∞ in the zone of UC (the escaping ones) and LC (those which come from infinity).
Observe that for h = 0 the infinity manifold reduces to a circle of degenerate equilibria (UC and LC identified).
Two more characteristics of such a motion must be emphasized. First, the infinity manifold does exist only for h ≥ 0. In other words, the motion with negative total energy remains always bounded. Second, taking into account (13), the asymptotic velocity of the particle at infinity is positive for h > 0 and zero for h = 0.
NEAR-ESCAPE FLOW
To describe the local flow near the infinity manifold, we act as in case of the collision manifold (Paper I). Using the rotational symmetry of the problem (θ does not appear explicitly in (16) and (13)), we factorize the flow to S 1 , obtaining the 3D reduced phase space (RPS) of the coordinates (ρ, u, v) . Next, we reduce RPS to the 2D phase plane PP of the coordinates (ρ, u) by using (14) . In this way the energy relation (13) becomes in PP:
We shall consider very small values of ρ (the terms in ρ i , i ≥ 2, will be neglected). If h > 0, the M ∞ torus in full phase space becomes in RPS the circle {ρ = 0, u 2 + v 2 = √ h}, which, in its turn, reduces in PP to the points M (ρ = 0, u = + √ h) and N (ρ = 0, u = − √ h). If h = 0, the M ∞ circle becomes the origin (ρ = 0, u = 0, v = 0) in RPS, and the origin (ρ = 0, u = 0) in PP, too.
The local structure of the phase space is depicted in Figure 2 . Figure 2a plots the phase trajectories for h > 0. If a 1 < 0, we have the curves 1: heteroclinic trajectories which eject from M and then tend to N. This physically means motion coming from infinity, moving inwards up to a minimum distance r m = −2a 1 /h (corresponding to ρ = −h/(2a 1 )), then tending back to infinity. If a 1 = 0, the phase portrait consists of the two halflines 2 and
Fig. 2. The near-infinity flow in PP for: (a)
2' (coming from infinity, or tending to infinity, respectively). If a 1 > 0, we have the curves 3 and 3', with similar significances as the curves 2 and 2', respectively.
The case h = 0 is illustrated in Figure 2b . If a 1 < 0, the real motion is impossible (in our first approximation with local character). If a 1 = 0, the phase portrait is represented by the origin (ρ = 0, u = 0): degenerate orbit remaining forever at infinity (also in this first approximation). If a 1 > 0, we have the curves 1 and 1', which physically represent motion coming from infinity, or tending to infinity, respectively.
Lastly, consider h < 0. The real motion is impossible for a 1 ≤ 0 (in our local approximation). For a 1 > 0, the phase portrait is given in Figure 2b , too (curves 2). The particle moves away from the centre, up to a maximum distance r M = −2a 1 /h (corresponding to ρ = −h/(2a 1 )), then returns towards the centre: no possibility of escape.
It is needless to say that the character of these physical motions at very great distances from the centre is spiral for C = 0, and radial for C = 0.
COMMENTS
A first remark concerns the manner of obtaining the equations of motion (16). It is clear from (15) and from the connection between s and t (see Section 1) that dt = rdτ (which reveals, on the other hand, that the flows on M 0 and M ∞ have different time scales). On this basis, and using (1), one easily remarks that (u, v) are nothing but the polar components of the velocity (ξ, η). All that being established, equations (16) follow straightforwardly from the system (1). So, the start from the regularized equations (4) could be avoided; nevertheless, we preferred this way which seemed more elegant to us.
The same comments are valid as regards the first integrals (13) and (14), which, by virtue of the above specifications, could directly be deduced from equations (5) and (6), respectively.
Another fact deserves to be mentioned: in order to obtain the vector field (16), intended here to study the infinity manifold, the fictitious flow on it, and the local flow near escape, we need neither start from already regularized equations as (4), nor use equation-regularizing transformations as those of McGehee-type are. There is no serious reason for choosing the technique used in Section 2; the only argument is that pointed out above. Nastavǉa se prouqavaǌe problema zonskih satelita razmatraǌem situacije r → ∞. Izvedene su nove jednaqine kretaǌa (gde se beskonaqna udaǉenost pojavǉuje kao singularnost) i odgovaraju i prvi integrali energije i momenta impulsa. Singularnost usled beskonaqnosti se odstraǌuje uz pomo transformacija MekGeeovog tipa i skup beskonaqnosti se preslikava na fazni prostor. Opisan je fiktivni protok na ovom skupu. Zatim se opisuje lokalni protok u oblasti blizu kritiqne pozivaǌem na obrtnu simetriju problema i integral momenta impulsa. Odgovaraju e fazne krive se interpretiraju kao fiziqka kretaǌa.
PROBLEM

